As governments around the world ramp up their efforts to reduce CO 2 emissions, downsizing internal combustion engines has become a dominant trend in the automotive industry. Air charging systems are being utilised to increase power density and therefore lower emissions by downsizing internal combustion engines. Turbocharging represents the majority of these air charging systems, which are commonly adopted for commercial and passenger vehicles. The process of matching turbomachinery to an engine during early-stage development is important to achieving maximum engine performance in terms of power output and the reduction of emissions.
Despite on-engine conditions providing highly unsteady gas flows, current turbocharger development commonly uses performance maps that are produced from steady state measurements. There are other significant sources of error to be found in early stage turbocharger performance prediction, such as the omission of heat transfer effects, and the use of data extrapolation methods to cover the entire operating range of a device from limited data sets. Realistic engine conditions provide a complex heat transfer scenario, which is dependent upon load history and the component layout of the engine bay. Heat transfer effects are particularly prevalent at low engine loads, whilst pulsating effects are significant at both high and low engine speeds (and therefore exhaust pulse frequency). Compressor maps are often provided by manufacturers with a level of heat transfer corresponding to a gas stand test, not realistic engine conditions. This causes a mismatch when using the aforementioned maps in commercial engine codes. This reduces the quality of overall engine performance predictions, since as the temperature of the exhaust gas on the turbine side rises, the performance prediction increasingly deviates from the usual adiabatic assumption used in simulations.
In the present work, a one-dimensional unsteady flow model has been developed to predict the performance of a vaneless turbine under pulsating inlet conditions, with scope to account for heat transfer effects. Flow within the volute is considered to be one-dimensional and unsteady, with mass addition and withdrawal used to simulate the gas flow between the volute and rotor. Rotor passages are also treated as one-dimensional and unsteady, with the equations being solved by the method of characteristics. This model is able to simulate the circumferential feeding of the rotor from the casing, unlike many previous zero and one-dimensional models. Building upon previous work, the basis of this code has been constructed in C++ with future integration with other modern gas dynamics codes in mind. By providing the appropriate instantaneous operating conditions at specified time intervals, a code such as this could theoretically negate the need for maps produced by steady-state data.
INTRODUCTION
As a response to increasingly strict emissions regulations around the world, engine manufacturers are actively downsizing their engines in order to increase power density and reduce emissions. Turbocharging is a key enabler when downsizing engines, and the market for turbochargers is forecast to grow with a compound annual growth rate of 10.21% for 5 years from 2015, leading to a market worth an estimated $22.1bn in 2020 (up from $13.6bn). [1] During the early stages of the engine design process, engine cycle simulation, including the simulation of turbocharger performance, is commonly used in industry. Typically, many different engine-turbocharger variations are assessed at a range of steady-state design points; usually these design points correspond to a standard drive cycle.
DRAFT
However, realistically turbochargers do not operate in steady state conditions on internal combustion engines, with the exception of some high-pressure applications, such as marine engines that run at constant speeds. Steady state maps are not sufficient to accurately predict performance. Researchers, and at least one manufacturer [2] [3] [4] , have investigated integrating unsteady effects into turbine maps. Some of the findings showed that pulsating effects can lead to performance prediction deviations from -18% to 12% for a range of turbine speeds [2] . The creation of steady state maps also typically relies on a narrow range of test data supplemented by data extrapolation techniques. These extrapolation methods can lead to performance prediction deviations of up to 10% at low blade speed ratios [5] . This raises a problem; how can we predict the effect of pulsating flow phenomena on performance? It's possible to use CFD to achieve a reasonably accurate picture of pulsating flow effects, but this is time consuming and computationally expensive. Cao and Xu [6] proposed an unsteady quasi-3D model which reduced computational time, and Chen [7] proposed a similar model using only the Euler equations. This code aims to build from a previously unpublished code produced by Chen.
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BACKGROUND
Predicting the performance of a turbocharger subject to pulsating flow is complex. When predicting steady-state performance there are two independent non-dimensional parameters (expansion ratio and tip Mach number) that determine mean cyclic performance metrics. When looking at unsteady performance, if you assume that a pulsating inlet flow occurs as a simple sinusoidal wave, there are four additional non-dimensional parameters that also affect mean turbine performance. These new parameters are in addition to the two that already existed in steady-state conditions. With the aforementioned sinusoidal wave assumption, the incoming pressure and temperature waves can be represented by equations 1 and 2.
Where Φ is the phase difference between the pressure and temperature waves. The four new non-dimensional variables here are the non-dimensional total amplitude of pressure ( / 0 ) and the non-dimensional total amplitude of temperature ( / 0 ), along with the phase difference (Φ) and the Strouhal number ( /Ω), where Ω is the angular speed of the rotor. All of these affect cyclic mean performance.
Strouhal number may be used as an expression of the relative importance of unsteadiness in oscillating gas flows [8] , and can be represented by the ratio of the time taken for a fluid particle to pass through the turbine components ( ), and the time scale of the unsteadiness in the pulsating gas flow ( ) [9]:
As a rough guide, if this Strouhal number is close to one, both quasi-steady and unsteady effects are important, and should be accounted for in any model. Values much larger than one represent the domination of unsteady effects, and values lower than one suggest that quasi-steady effects are dominant.
Some pulsating flow models represent the rotor differently to the volute section (i.e. with an unsteady volute model, and quasi-steady rotor model), in this case a second Strouhal number may be important [9] :
where the time scale for the rotor to spin for one complete revolution ( ) is independent of . When the value of − is small, steady effects may govern performance. This model was built from scratch with the entire flow path treated as unsteady, therefore the flow in both the volute and the rotor is treated in an unsteady manner.
Initial zero-dimensional modelling attempts at addressing pulsating flows in turbines were made by Dale and Watson [10, 11] and continued by others [12] [13] [14] . This methodology was later superseded by models based upon one-dimensional gasdynamics equations. The majority of zero-dimensional and onedimensional nozzle models are unable to simulate the circumferential feeding of the rotor from the turbine casing.
Researchers have also ventured into 3D modelling of pulsating flow in a turbocharger by adopting the Navier-Stokes equations.
This involves adopting two frames of reference, with one representing the stationary zones (volute) and another for the rotating (rotor) regions. The "frozen rotor" method involves ignoring the relative motion of each of these sub-domains, such as the study by Lam et al. [15] Another attempt by Palfreyman and Martinez-Botas was conducted whilst explicitly rotating the rotor during the calculation. [16] 
MODEL DESCRIPTION
The model presented here allows circumferential feeding of the rotor, similar to previous work by Chen [7, 17] , however this new code uses an unsteady rotor model and has many other differing assumptions and equations. This new code has been modernized into the C++ programming language to enable simpler expansion in the future, and integration with other onedimensional gas dynamics codes.
This one-dimensional model predicts the performance of a vaneless radial turbine under pulsating inlet conditions, using the 1D Euler equations for turbomachinery. Figure 1 represents the stations used within the model. Free vortex flow is allowed between the volute centroid and exit (1-3), and a vaneless space loss model is applied before rotor entry. Circumferential feeding of the rotor from the casing is simulated, with the number of equidistant data points along the casing flow axis equal to the number of rotor blades (See Figure 5 ). During unsteady operation, gas flow enters the volute of a turbocharger and exits via the rotor, but unlike steady-flow, the flow is a function of time at each operating point, and may reverse (with flow exiting the rotor, back into the volute). In this model the volute is treated as unsteady, with a term to account for mass addition and withdrawal (Ψ). The onedimensional form of the Euler equations [18, 19] are adapted as follows for the volute; continuity equation for the volute:
where Ψ is mass addition and withdrawal to and from the volute. This term is part of the continuity, momentum and energy equations (except for points within the casing inlet section) and is calculated as:
EQ6
Momentum equation for the volute:
Where is the wall shear stress:
EQ8
Energy equation for the volute:
where is the heat transfer through the wall of the turbine casing:
The first order Lax-Friedrichs finite difference method is then used for solution of the equations 5, 7 and 9 to find values of density, pressure and velocity for each new time step; further details of the calculation process for the casing section can be found in Figure 4 . At the tongue of the casing, the end is assumed to be closed and therefore velocity is set to zero, and the method of characteristics is used to calculate pressure and density. When inflow from the volute to the rotor occurs (regular operation), the method of characteristics is used to solve along with the λcompatibility equation, and an incidence loss model is then applied upon entry to the turbine rotor. If reversed flow occurs, and there is an inflow from the rotor to the turbine casing, the incidence loss model is replaced with the solution to the λ 0 compatibility equation at the rotor inlet boundary.
For the rotor, the Lax-Friedrichs method is also used to solve for internal points of the rotor flow passages. Equations are based upon those presented in previous studies [20] [21] [22] and a basic loss model is used. A set of rotor equations, as they are used in the code, can be found in the appendix of this paper.
MODELLING INFORMATION FLOW
To illustrate how the model operates, a number of flow charts have been created to demonstrate the information flow throughout the code. The code is formed of 6 main sections; these are listed below along with a brief description of their purpose and argument inputs and outputs. It is worth noting, that as well as the listed arguments each subroutine can update the values of global variables.
 MAIN(…) -This section is the main section of the code, primarily responsible for controlling the flow of information and containing calls to other subroutines.  EXIT(…) -Subroutine for solving boundary equations for reversing flow at the rotor exit. Argument in: relative velocity at rotor exit, argument out: relative error of velocity.  CHAR(…) -Subroutine for solving boundary equations using the method of characteristics to find the speed of sound, flow velocity, density and pressure at a given characteristic. Arguments in: index of boundary point, characteristic description (left or right running, λ 0 , λor λ + Mach lines), mass addition (on or off). Arguments out: speed of sound, flow velocity, density and pressure at the given characteristic.  ENTRY(…) -Subroutine to solve boundary equations for the entry of the rotor. Argument in: absolute flow angle immediately before rotor leading edge, relative error of pressure.  CASING(…) -Subroutine interpolates parameters at position 3 in the casing axis. Argument in: parameter to be interpolated, argument out: interpolated value.  THROAT(…) -Subroutine interpolates parameters at position 3 in the casing throat. Argument in: parameter to be interpolated, argument out: interpolated value. Figure 2 shows two loops used to determine dt for the casing (thick dashed lines) and rotor (fine dashed lines); the smaller of these two values becomes the time step for the iteration. Equations used here can be found in the appendix. Before calculating the time step, the code reads input data and uses these inputs to form various parameters, constants and coefficients used throughout the calculation, as well as forming initial values for time varying parameters such as the pulsating inlet pressure and temperature waves, and the density, pressure and velocity at different points throughout the casing. Figure 4 shows the information flow through the rotor analysis procedure. After checking a previous iteration hadn't solved the entire rotor and casing, the code solves for each internal point of the rotor, and for every flow passage. If we have an outflow from the rotor to the atmosphere, the method of characteristics is adopted at the boundary and the sonic condition is checked; if necessary the method of characteristics is used again before moving on to the rotor inlet boundary. After interpolating conditions required to use the method of characteristics at the rotor inlet boundary, remaining variables are formed before calculating the solution of the remaining equations. Once the rotor analysis is complete, the code moves outside of the cyclic loop to reform variables and check convergence before restarting the casing and rotor loops if necessary. A plot of this sinusoidal pulse can be seen in Figure A1 (appendix 3) and is used here as a general case, however if the pulse profile of the engine exhaust is known through experiment or otherwise, an expression to describe its profile may be substituted for EQ11. In addition to pressure, the timevarying inlet temperature wave was defined by equation 12.
The calculation runs for one pulse period, which in this case was defined as 1/70 seconds, and both the inlet pressure and temperature waves were defined with 360 data points according to equations 11 and 12. Table 1 shows some of the key inputs to the code, the number of points that are calculated is determined by user input. As well as the input data shown in Table 1 , a number of matrix inputs are required These include the area of the casing flow passage, radius of the casing flow passage centroid and length of the casing segments, area of the rotor flow passages, radius of the rotor flow passage centroid and wet periphery of the casing and rotor flow passage centroids, amongst others.
Since the model uses a sliding rotor interface, these matrix inputs should match up to the number of inlet data points (e.g. if the casing is split into 12 sections, the area and radius of the casing flow passage must be provided for 12 equally spaced locations). In this case, the area of the casing converged from a maximum of 4.462e -3 m 2 to 2.39e -4 m 2 , with radius values ranging from 8.0779e -2 m to 4.9922e -2 m. Geometric data for the rotor passages is input similarly. Figure 6 ) and the plot of total-to-static efficiency and blade speed ratio (Figure 7) , matching the findings of past studies on pulsating inlet flows to radial turbines. [9, 10] Drawn to the same scale on the y-axis, Figures 8 and 9 show the variation of absolute flow angle of gas entering the rotor immediately before the leading edge at two different azimuth locations in the turbine housing. The blue lines show raw data taken from the output of the code, and the solid black lines show the average value measured across one pulse period. Figure 9 . This finding is in agreement with the previous model by Chen [9] , which also had the capability to simulate circumferential filling of the rotor from the casing. Figure 7 compares the effects of pulse shape on the unsteady efficiency locus. The two pulse profiles used to produce this chart are plotted in appendix 3; both pulse profiles have the same maximum, minimum and average values. The key difference is the greater area enclosed between the sinusoidal waveform and the average value. This leads to a drop in cycle averaged efficiency from 69.44% to 68.79%. A one-dimensional model of a vaneless radial inflow turbine has been created, which allows for circumferential feeding of the rotor from the turbine casing. After a simulation of a turbine subject to pulsating inlet conditions of a given frequency, results were found to replicate the hysteresis effects within the mass flow and efficiency loci that have been observed in past studies on pulsating flow. Given the simplifications present in the current model this agreement with previous findings, as discussed in 'Pulsating Flow Results' is encouraging. Further agreement with previous findings is observed as the fluctuation of flow angle at the rotor leading edge is most prevalent close to the tongue of the volute, and dampened in the rest of the housing.
Extensions to this model are currently being developed, and the following improvements are currently being worked upon:
 A new boundary condition at the tongue, to allow for flow to rejoin the main flow after one revolution of the volute.  Improved heat transfer model based upon on-engine experimentation, which has been designed to gather pulsating flow and heat transfer data.  Variable geometry loss model, enabling the current vaneless space to be replaced with a variable geometry stator when required. Station 2 will be introduced to represent the inlet to the stator.  The current Lax-Friedrichs solver can be improved by adopting the second-order Lax-Wendroff method  Modifications to the meanline flow path may allow the model to simulate mixed-flow turbines, and be validated against relevant unsteady data is the radius of the rotor flow passage. is the friction coefficient of the rotor flow passage and is the wet periphery of the rotor flow passage.
is the length of the rotor segments.
Appendix 2 -Equations for the calculation of time step variables:
Time step for the casing is found by iterating the following equations across every casing data point (inlet and volute sections). In this case the index [ ] denotes the position in the casing inlet or volute. For the case of the rotor equations for WA and , the indices [ , ] denote the flow passage under consideration, and the position within that flow passage. For example, I = 12 denotes the 12 th flow passage in the rotor, and J = 2 denotes the second point for calculation within that flow passage. 
Appendix 3 -Pressure pulse plots
